HOW TO READ TABLES OF FOURIER COEFFICIENTS
9:48, 1-2-2009

ABSTRACT. We explain the format of the Tables of FCs for nonlifts in S2 (K (p))*.

§0. Notation.

Xy = {%(Zi’) € P2(Q) : a,b,c € Z and (‘;lc’) even }

1
Y ={5(5.) € X2:2N|a}

For T' = %(Zﬁ) € N Xy, we set Twin(T) = %(J:]Zaﬁbv) c NV ,.

To(N) ={(*%) € SLo(Z) : Nic}

A

To(N) ={(%%) € GLy(Z) : N|c}

a

P(Z/NZ) = {(b) € 7* : ged(a,b) =1}/ ~

where (Z) ~ (ccl) if and only if du € Z : pa =c¢ mod N and ub=d mod N.

§1. FCs.
An f € S¥ (K(N)) has a Fourier expansion
f(Q) — Z a(T) e2mitr(QT)
TeN X,
For T = %(Z l;), the column “Unreduced form” gives a, b, c. The column “Coeff” gives the

value of a (%(Z l;)) The “Det” column gives det(27"). For example, for p = 277, the ninth

entry row gives

0 (HCTEE557)) = 5 and det (T2 155%) =23

Note that 277554 = 1002 - 277 and so

1 (/277554 1825 277
§( 1825 12 ) = Xy.
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Now you can read the FCs from the Table. R
Here are a few more elementary comments. For U € I'g(NN), the FCs satisfy

a(U'TU) = det(U)* a(T).

Since k = 2 in these tables, the FCs are Io(N)-invariant. The “Unreduced form” gives
one representative from each fO(N )-class in ¥ X,. The entries are in order of increasing
determinant so that one can see when the f‘o(N )-classes from N X, for a particular deter-
minant are exhausted. Since D = det(2T") = ac — b* = —b> mod N, only determinants D
with —D a quadratic residue modulo N appear.

§2. Plus and Minus Spaces.

Each eigenform satisfies f|u = ef with € = +1. The FCs then satisfy a(Twin(T")) =
ea(T). For example, for D = 23, we have seen

L 9771002 1825
a <§( ls2s 12 ) ) = 5.
Since our nonlift for p = 277 is in the p-plus space we also have
L 27712 1825
a (5(—1825 w002 ) ) = =5

However, since the entries in the “Unreduced form” column are noncanonical, it is not
immediately clear which entry this corresponds to.
To remedy this we let GLo(Z) act on Xy x P(Z/NZ) as (T,v) — (U'TU, U 1v). If

we identify N X, with VX, x {((1))} C Xy x P(Z/NZ), then for Ty, Ty € N X,, we have
that (71, ((1))) is GLa(Z)-equivalent to (T3, (é)) if and only if T} is I'o(IV)-equivalent

to Ty. For each T; € NX,, we GLo(Z) reduce (17, (é)) to a (T,v) with T Legendre

reduced, that is 0 < 2b < a < ¢. The column “Reduced form” lists a,b,c «,( for

(T,v) = (% (Z Zé), (g)) This is canonical except for the small number of choices for v:

We have the GLg(Z)-equivalence (T, v1) ~ (T,ve) <= U € Auty(T) : v1 = Uvs.
Going back to the example, let’s reduce

(s (5)) ~ (200 (5))-

Using U = (4 ~) € GLa(Z) we see that

' (%25 1005 )0 = (16 200) (Fisas 100 ) (20 11) = (16) and
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()0 (3) - (2)= (4) e
1

;(1) 97| = 277. This explains why the FC for the entry D = 23 and Reduced form

“4,1,6 1,277 is also —5.

If one wishes to move from a reduced form (7T,v) to an unreduced form, one simply
takes U'TU for a U € GLy(Z) whose first column is v mod N. For example, for D = 23
again, take the reduced form from row eleven:

since

o= (

N[ =
—~
=
(e
~—
Y
(=)
O.')—‘
N—
N—

For U = (615 (1)) we have

UTU = (4%)(16) (651) = (o1 6 )

which is exactly the unreduced entry because the “Unreduced form” column was con-
structed in just this way.
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